We investigate many body localization in the presence of a single particle mobility edge. A non-interacting many body wavefunction in the presence of a mobility edge is given by Slater determinants formed of both localized and extended single particle orbitals. The mobility edge in the model we consider results in a many body energy regime where the non-interacting many body extended states coexist with the partially localized many body states. We show that in the presence of interactions the states in this mixed regime are non-ergodic in nature, giving rise to an energy dependent violation of the eigenstate thermalization hypothesis. We also propose a practical scheme to engineer mobility edges in atomic optical lattice experiments to detect signatures of our proposed energy-dependent MBL phase.
Thermalization, a commonplace phenomenon in various physical settings, can naturally fail in certain isolated quantum systems. The fundamental theoretical underpinning of thermalization in quantum systems has been postulated in the form of the eigenstate thermalization hypothesis (ETH) [1, 2] . The physics of Anderson localization [3] is also naturally tied to the absence and existence and of thermalization in localized and extended states respectively. How (or whether) thermalization manifests in an isolated interacting disordered quantum many-body system is one of the fundamental questions in quantum statistical mechanics. Consequently, the basic theory of quantum statistical mechanics itself needs to be revisited to account for the lack of thermalization in isolated quantum many body systems in the presence of disorder, and the subject has therefore attracted tremendous attention from condensed matter, statistical mechanics, and atomic physics communities [4] .
Recently, it has been shown using perturbative arguments that the presence of interaction and disorder in a closed quantum system could lead to a many body localized (MBL) phase in Fock space [5] . Such a MBL state can undergo a delocalization transition as a function of the interaction strength. Subsequently, this argument was extended non-perturbatively to a lattice model with a finite energy density, where numerical evidence has pointed towards the existence of the MBL phase all the way to infinite temperature [6, 7] . Further numerical work [8] [9] [10] and a mathematical proof [11] for the existence of the MBL phase have mounted compelling evidence for the existence of such a 'finite-temperature' many-body localized phase which eventually gives way to a many-body extended state at large enough interaction strength. A hallmark of the MBL phase is its violation of the ETH [2] , where a local subsystem fails to thermalize with its neighborhood. The MBL phase has thus some qualitative similarity to an integrable system where the presence of an infinite number of local conservation laws prevents thermalization. Several works have attempted to trace back the ergodicity breaking of a MBL phase for the existence of local integrals of motion [12] [13] [14] .
It turns out that the MBL phase also exists (without any disorder) for the Aubry-Andre-Azbel-Harper (AAAH) model [15] [16] [17] , which is a non-random one dimensional model with a quasiperiodic cosine modulation of the onsite energy [9, 18] and is well known to host an Anderson localization transition in the in the noninteracting system as a function of the strength of the incommensurate potential. As a result, MBL is now also experimentally accessible in ultra cold quantum gases, where a recent optical lattice experiment [19] has observed signatures of MBL in interacting fermions in a one-dimensional quasiperiodic optical lattice.
One common thread among the existing work on MBL is the absence of an energy dependent mobility edge in the corresponding non-interacting single particle model (where all single-particle states are either extended or localized depending on the parameters of the Hamiltonian, thus leading to many-body states formed from either completely localized or completely delocalized singleparticle orbitals). Consequently, the interaction acts on the Fock space of Slater determinants of either completely localized or delocalized single-particle eigenstates. Scaling theory forbids the existence of a mobility edge in one and two dimensions [20] for quenched random disorder, and unfortunately the study of interaction and disorder in 3D is numerically very demanding, which so far has obstructed understanding the fundamental interplay of many body effects and single-particle mobility edges. On the other hand, several numerical and analytical works have demonstrated the existence of mobility edges in various 1D incommensurate potential models which are easily obtained by appropriately modifying the AAAH model (which in itself does not exhibit mobility edges). In principle, these noninteracting 1D incommensurate models [21] [22] [23] [24] [25] [26] [27] can be adapted for studying MBL in the presence of energy-dependent mobility edges by turning on an interaction term in their Hamiltonians.
Here we consider a recent generalization of the 1D quasiperiodic AAAH model [27] with a simple analytical mobility edge, which enables us to study the interplay of many body effects and the mobility edge in a controlled fashion. Since the MBL phase is a property of all eigenstates, the presence of a mobility edge adds a qualitative new dimension to the problem since both localized and delocalized single-particle states are now present in the problem generically for a given Hamiltonian manifesting a noninteracting mobility edge. In the absence of interactions, in a Fock state basis, delocalized and localized many body states get mixed up in the energy space which did not happen in any of the earlier studies of MBL in the literature. As a result, there is a well defined mixed energy region in the non-interacting limit. Based on the existing order parameters to probe the MBL phase, it is not a priori clear what would be the fate of this mixed region in the presence of interactions. In this work, we establish that such a mixed region survives in the presence of finite interaction strength. We also analyze its thermalization properties and show its non-compliance with the ETH irrespective of the presence of a finite number of delocalized orbitals in the corresponding non-interacting limit. The discovery of this novel mixed non-thermal MBL regime is the central new result of our work. To guide future experiments probing our predicted many body effects of the mobility edge, we present a realistic experimental scheme with a straightforward modification to the existing experimental setup [19, 28, 29] .
The model we consider is a generalized Aubry-Andre (GAA) model [27] with nearest neighbor interactions,
where c j is a fermionic annihilation operator. We emphasize that we only focus on the fermionic case for the rest of this paper and the corresponding interacting bosonic case in the presence of a mobility edge is a fundamentally different problem which we do not consider here. The deformation parameter α is confined in the open interval (-1, 1). Each value of α corresponds to a different 1D tight binding model containing the AAAH model (α = 0) as a special limiting case. In the non-interacting limit, this model with an incommensurate potential (the wave number k being irrational), has a mobility edge [27] α = 2 sgn(λ)(|t| − |λ|) ( is the single particle energy eigenvalue), separating single-particle localized and delocalized orbitals as a function of energy. In the model without interactions, α controls the ratio of single particle localized to delocalized orbitals (see Supplementary Material). In this paper, the irrational wavenumber is fixed to be 2/(1 + √ 5), but in general can be any irrational number. We use the normalized participation ratio η (NPR) [9] in the Fock basis to track the MBL transition in this interacting system,
where Ψ E ({n j }) is the many body wavefunction in the Fock basis with an eigenenergy E, and V H is the Hilbert space dimension. The global charge U (1) symmetry present in this model fixes the total particle number, nj = N . In the thermodynamic limit, η is zero (finite) corresponding to a localized (delocalized) state [9] . Before considering the MBL phase in the presence of interactions, we first develop intuition for the non-interacting many body state in presence of a mobility edge. Non-interacting many body states.-Without interactions, the many body eigenstate of N fermions is a product state of N single-particle orbitals,
where ψ m is the annihilation operator for the singleparticle eigenstates. The NPR value η quantifies the wavefunction spread in the many body Hilbert space with dimension L N in the dilute limit. If the state |Ψ free is composed of a finite number of single-particle localized (N loc ) and (N delocal = N − N loc ) delocalized or- bitals, the NPR η ∼ 1/L N loc approaches zero in the thermodynamic limit (see Supplementary Material). In the presence of a single-particle mobility edge, such a partially localized many body state leads to important consequences. Consider a model with single-particle energies 1 < 2 < . . . < L having a single-particle mobility edge m , such that the states with m≤m ( m>m ) are localized (delocalized). A fermionic many body delocalized state with the lowest energy we can construct is then given by |Ψ Fig. 1b and Fig. 1d , all the states are (partially-)localized and delocalized respectively. In Fig. 1c , the delocalized and partially-localized states are clearly mixed together forming a bimodal distribution corresponding to both localized and extended NPR values. We will refer to this region as the 'mixed region' from hereon. Interaction effects and the MBL transition.-In the presence of interactions, the analysis discussed above no longer strictly applies since the product-states are no longer eigenstates of the interacting Hamiltonian, however we have gained valuable intuition on the different possibilities that can manifest in a many body state with a mobility edge. The important question now is whether the same qualitative physics (i.e. the presence of the 'novel mixed region' at intermediate energies) applies in the interacting system or not.
Past studies on the AAAH model [9, 18] (experimental and theoretical) have shown that interactions convert the single particle localization transition to the MBL transition. In our GAA model with the single-particle mobility edge, the interaction effects are not a priori obvious.
Here, we show with exact diagonalization that the many body states could be all localized in the corresponding interacting system even in the presence of a single-particle mobility edge. In addition to the NPR, we present level statistics results. To capture the level statistics, we define the dimensionless adjacent gap ratio [6, 9] ,
where δ n = E n+1 − E n . We also introduce its average as r = 1 V H n r n , to characterize the MBL transition at infinite temperature [6] .
As shown in Fig. 2 , when the incommensurate potential strength is fixed at λ = 0.25t (corresponding to the delocalized AAAH regime) , the NPR is finite, a signature for the system being delocalized. The adjacent gap ratio r ≈ 0.53, which implies that the eigenstates satisfy Wigner-Dyson (WD) statistics, a signature of a delocalized phase [9, 31, 32] . When λ = 1.25t (corresponding to the delocalized AAAH regime), the NPR vanishes and the system becomes localized with r = 0.39, consistent with eigenstates that satisfy a Poisson distribution, a signature for localization [9, 31, 32] . From Fig. 2(c,f) , when α is small, e.g α = −0.2, the MBL transition is found to be similar to the interacting AAAH model [9] . When it gets larger, e.g. α = −0.80, the transition behavior deviates from the AAAH model. We emphasize here that even in presence of delocalized single-particle orbitals, the many body system can still be fully localized. For example, with λ/t = 1.25 and α = −0.80, the ratio between single-particle localized and delocalized orbitals is around 3 : 2, nonetheless all many body states are localized as indicated by the distributions of NPR and the gap ratio r (see the insets in Fig. 2(b,e) ). Thus, even in the presence of a single particle mobility edge, at infinite temperature we find a clear MBL transition in bothη andr. In comparison to the AAAH transition, the critical point is shifted to smaller λ (see Fig. 2 c and f) as a function of α, attributed to the presence of the single particle mobility edge. Thus, we have clearly established the existence of MBL in a model with a non-interacting mobility edge.
Energy-dependent breakdown of ETH.-In the study of thermalization of closed systems, the ETH has been proposed as one way to reconcile the apparent conflict between deterministic quantum unitary time-evolution and the statistical nature of thermalization (in the sense of microcanonical ensemble for closed systems) [1, 2, 33] . The ETH states that the expectation value for a fewbody observable Ψ E0 |Ô|Ψ E0 at an energy E 0 can only weakly fluctuate between eigenstates close-by in energy. This hypothesis has been confirmed in recent numerical studies [33, 34] . In the MBL context, ETH is respected in the delocalized phase but violated in the localized phase. Here we establish that the mixed region, in the presence of interactions, gives rise to energy dependent thermalization. In particular we study the violation of ETH by calculating n j (E) = Ψ E |c † j c j |Ψ E (see Supplementary Material for details).
As shown in Fig. 3 , for the AAAH model, in the localized phase, all states are localized and the system is non-ergodic in the whole energy region. When the incommensurate potential strength λ = 1.25t (above the AAAH critical value for localization), all states are localized and ETH is completely violated for the whole energy region as in the AAAH model in the localized phase. However for the GAA model with α = 0, there are more possibilities, originating from the non-interacting mixed region. When λ = 0.25t, we find an energy-dependent violation of ETH, which is one of our main results. From  Fig. 3(c,d) , the eigenstates are delocalized and respect the ETH above some energy threshold E B . Below some energy threshold E A (E A = E B ), the eigenstates are localized and violate the ETH. We determine the location of E A and E B roughly from where η no longer has a bimodal distribution. In the intermediate energy region E A < E < E B , the delocalized states are mixed with localized ones, and ETH is found to be violated in the presence of interaction. We quantify the ETH violation in terms of the variance of the operator expectation as shown in Supplementary Material. There are thus two relevant energy scales E A and E B emergent in this interacting many body system. E A defines a transition in energy space from the localized to the mixed region and E B defines a transition from non-ergodic to ergodic states. Given the similarity of the energy dependence of NPR values (Fig. 3(a) ) to the noninteracting case (see Fig. 1(a) ), we attribute the two emergent energy scales to be a feature of the single-particle mobility edge in our model. Fig. 3(e,f) shows the complete ETH violation for all the eigenstates for λ = 1.25t, which corresponds to the case with majority of single particle localized orbitals. Whether E A and E B signify critical energies for two distinct (localized to delocalized and non-ergodic to ergodic, respectively) types of many-body quantum phase transitions or not is a subject of future study, but we speculate that these are indeed many-body quantum phase transitions.
Experimental design:-Recently, a two component degenerate Fermi gas of K 40 atoms [19] has been subjected to an AAAH quasiperiodic 1D lattice to study the experimental signatures of the MBL phase. We present a regime of our model that can be realized within the existing experiments to test the effect of a single particle mobility edge on the MBL phase. In the limit |α| << 1, the on-site potential in Eq. (1) becomes, ∼ 2λ(cos(2πjk+φ)+α cos 2 (2πjk+φ)). Note that the first term is the AAAH potential and the second term can be realized by an additional laser of 2k wave number (lattice spacing of the original lattice confining atoms is taken to be the length unit). In the limit of |t| − |λ| ∼ 0, the mobility edge assumes a form of α ∼ 0. For α = 0, we have a sharp mobility edge at = 0 as shown in Ref. [27] . Preparing an initial state with its average energy in the mixed energy region, unitary evolution of such a state would provide direct observation of the relaxation of an interacting many body state in presence of the single particle mobility edge.
Conclusions:-In this work we consider the MBL phase of interacting fermions in the presence of an exact single particle mobility edge. We numerically show that the MBL state is robust in the presence of a small number of delocalized single particle orbitals. We argue and provide numerical evidence for a non-ergodic mixed region (with many body delocalized and localized mixed in energy space), thus presenting an energy dependent breakdown of the ETH. We speculate the mixed region to be a non-ergodic metal [35] since the delocalized many body states are expected to contribute to a finite conductivity. A central new result here is the existence of two characteristic many-body energies (i.e. E A and E B ) in general in a system with a corresponding non-interacting mobility edge, which separate completely localized and partially extended states (E A ) or ergodic and non-ergodic states (E B ), allowing for the possibility of non-thermal delocalized many-body states (i.e. a nonergodic metal) as a strange new phase of quantum matter. We expect our findings to generically apply to systems with singleparticle mobility edges, specifically, in disordered Anderson localization models in three dimensions, where the presence of a mobility edge is a rule rather than an exception. Understanding all the equilibrium thermodynamic and non-equilibrium kinetic properties of our discovered new mixed phase remains an important open problem for the future.
Note added. After completing our work we became aware of a separate and independent recent study [36] also related to many-body localization in systems with mobility edges. A and E 0 B . We can reasonably assume for the model we consider that there is no single-particle energy gap near the single-particle mobility edge or there is a gap not significantly large. Then the many-body energy spectrum is typically dense and does not involve a gap at finite energy density. It follows that E 0 B > E 0 A is most typical.
Normalized participation ratio for non-interacting many body states
To describe a many body state, we can choose a Fock state basis
with N the particle number. We will take an ordering j 1 < j 2 < . . . j N . The many body wavefunction in this basis is
from which the NPR is defined to be
with V H the dimension of the many body Hilbert space, which is L N .
Without interaction, the many body eigenstate is simply a product state of single-particle orbitals, namely
First, as constructed in Eq. (7), the many body wavefunction is given as
where P labels all permutations. Now we get
If one orbital, say m 1 , is localized, we take ψ m1 (j) ∼ δ j,1 , and we get
whereP means a permutation among the numbers (2, 3, 4, . . . , N ). It follows that we have a particle number reduction relation
The Hilbert space dimension for N − 1 fermions on L sites is L N − 1 . We thus know that at low filling
Then we have η(|m 1 , m 2 , . . . , m N ) → 0, as L → ∞, if we fix the particle number.
Suppose we have a number, N loc , of single particle localized orbitals, m 1 , m 2 , . . . , and m N loc , then it follows from the reduction relation (Eq. (11)) that
Then the NPR value satisfies
Considering the thermaldynamic limit, L → ∞ while keeping N/L = ρ tot , η ≤ ρtot 1−ρtot N loc . To have η → 0, the number of localized single-particle orbitals composing the many body states is required to be also extensive, i.e., N loc = ρ loc L (in principle, ρ loc could be an infinitesimal number), as we take the thermaldynamic limit. Our conclusion is, if the many body state is composed of some finite (extensive) fraction of localized single-particle orbitals, then its NPR value vanishes. The reverse is also true at low filling. The most general case shall be discussed elsewhere.
Details of localized states with interactions
In Fig. 4 , we provide more details about the localized states with interactions. To quantify the fluctuations of observables (O(E) = j n 2 j ) between close-by eigenstates as shown in Fig.4 in the main text, we calculate the standard deviation of O(E), var [O] , over some small finite energy range [E − δE/2, E + δE/2] (we choose δE/t = 0.3 here).
Fraction of delocalized states as a function of (α, λ).
In this section we compute the fraction of localized states as a function of λ for different values of α considered in the main text. In Fig. 5 , we plot the ratio of the delocalized states to the total number of states as a function of λ/t for different values of α= (0, -0.2, -0.8, -0.99). For α = 0, the all the states are either delocalized or localized as a function o λ/t (with λ/t = 1.0 being the critical point. For α = 0, there is an energy dependence to the fraction of delocalized states and the many step structure is in part due to the gap in the single particle energy spectrum. Thus the parameter α allows us direct control of the fraction of single particle localized (delocalized) states participating the the non-interacting many body state given by the slater determinant. 
